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A Comprehensive Study of a Plucked Guitar String 

 

Introduction 

The purpose of this paper is to explore the theoretical predictions of a 1-dimensional, idealized 
impulsively excited string, and compare these results with that of an empirical study the researcher 
conducted on an actual guitar string. 

The sound of a plucked string is one of the few things that produce a clear sense of pitch in its 
natural state.  That is; when compared to the thuds, rustles, and slaps that most objects produces when 
struck; a plucked string seems to have a clearly identifiable place in the gamut of pitches.  For example, 
comparing the frequency of two rain drops is infinitely more difficult for the human ear, than comparing 
the frequency of two strings.  This phenomenon is a result of two interacting systems: the human brain, 
which seeks out harmonically-related frequencies, and the string, which exclusively produces 
harmonically-related frequencies.  

Fundamental Tracking is the brain process which takes sets of frequencies, and allows us to 
perceive a clear sense of pitch.  This process requires, however, that the frequencies are approximately 
harmonically-related.  A set of frequencies that are harmonically-related has two simple properties: that 
there is a lowest frequency, called the fundamental, and that all other frequencies in the set are integer 
multiples of the fundamental.  To use the example which forms the focus of this paper, the frequencies 
110 Hz, 220 Hz, 330 Hz, etc. are harmonically related with the fundamental pitch being 110 Hz.  All 
nonlinear oscillators produce harmonics in this fashion 1.   

Background Information on Vibrating Strings 

When mathematically modeling a string, one would consider it a series of attached springs2.  The 
reason for this is that, on a small-scale level, a string under tension oscillates with respect to its neighbors 
as a system of springs would.  The mathematics dealing with a system of springs is quite basic and has 
very simple sinusoidal solutions.  However, because of the sheer number of particles that would be 
interacting in a string of any realistic length, this approach is impractical and gives convoluted results.  
Instead, the string is modeled as an infinite collection of springs.  When following this assumption to its 
logical conclusion, the string can then be modeled as a function of two variables3: 

(Continued on Next Page) 
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” represents the change in the shape of the wav 
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” represents the change in the wave with respect to time 

“c” represents the speed of wave traveling through the string 
“c” is computed once the length, mass, and tension of the string are known 

 

As a result of the fundamental scientific importance of “Vibrating Sting” equations4, a myriad of 
mathematical techniques have been developed in order to solve these equations.  The nature of this study, 
however, mandates the use of a particular method: Fourier Analysis.  In essence, Fourier Analysis 
reproduces the traveling wave by determining the amplitude of harmonic frequencies in the wave.  Using 
the amplitude of these frequencies, we can determine how dominant particular harmonics of the vibrating 
string’s frequency are.   

Procedure 

The theoretical model was programmed as a Mathematica notebook using well-documented 
techniques for solving the “Vibrating String” equation.  It in effect solved the PDE that physicists use to 
model wave propagation across a 1-dimensional string.  The result of this computer program is a set of 
function of two variables that approximates the string curvature at various times.  This set was then used 
to create an animation of what the vibrating string should indeed look like.  Because the approximation 
scheme that was used is essentially a set of harmonically-related frequencies, a simple examination of the 
coefficients provides data on the dominant harmonics of the modeled string. 

The empirical study of the plucked string was conducted in a straightforward fashion.  A high-
quality microphone was placed approximately 6” in front of the guitarist as he plucked an open “A” string 
– tuned to 110 Hz.  The guitarist plucked at several different locations on the open string.  This purpose of 
this was – based upon theoretical models of a string – to examine the amplitudes of the various emitted 
frequencies. 

Each recording of the plucked string was processed with a Python script using both the NumPy5 
and AudioLab6 modules.  The script, given a set of audio files, outputs both graphs of the power 
spectrums and data tables, which are later processed by an R7 script that renders the data as Box-and-
Whisker plots. 

The whole procedure essentially is Frequency Analysis of both theoretical and empirical data.  
The end result is two sets of data, which were then compared to one another, suggest the soundness of the 
use of the “Vibrating String” equation to model an actual vibrating string. 
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Predictions 

While a theoretical guitar string 
fundamental, the proportion and amplitude of the waves will vary according to a single criterion: where 
on the string it was plucked.  In particular, a string plucked in its middle will oscillate at 
evenly divisible by two, and, in a similar fashion, a string plucked at quarter
harmonics not evenly divisible by four.
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Furthermore, the location at which 
wave.  For example, a guitar string pl
frequencies than a guitar string plucked at the sound hole.
accurately describe this phenomenon 

 Theoretical Data9 

Several models of the plucked string 
run with various initial conditions.  
between each are the frequency, set at 1 Hz, and 
the offset, set to be 1 unit.  The varying factor was 
exclusively where the guitar string was plucked

The resulting data matched 
perfectly.  In every trial, the missing harmonics 
were always the integer multiples of the 
fundamental frequency.  Results this accurate, 
however, are beyond unrealistic; the predictions 
made are essentially tautological given the wealth 
of scientific research that has already been done in 
the field of Harmonic Analysis.  All the same, 
credibility is leant to the modeling technique used.

In particular, the wave propagation plot 
and power spectrum plot of an idealized string 
plucked at its midpoint (see Fig. 1 and Fig
reveal complete consistency with simple rules
thumb10 that govern the modes present in a 
vibrating string; it is clear that only odd harmonics 
are present in the power spectrum.  
of the kink used to describe the initial state of a 

�����������������������������������������������������������
� �����������	
 ���
����������
������

�����
�		�������
��
������������ ����	���
��!�� " �" �"���� ��"����
"�����

������#
� �$���%������&�%�#���	��� ������	����	��
�	
�� �����������	
������������'�(�
��� �		�������
��
������������ ����	���
��!�� 

While a theoretical guitar string will only vibrate at frequencies harmonically related to its 
fundamental, the proportion and amplitude of the waves will vary according to a single criterion: where 

In particular, a string plucked in its middle will oscillate at 
divisible by two, and, in a similar fashion, a string plucked at quarter-length will oscillate at all 

divisible by four.  In general, it is true that: 
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Furthermore, the location at which a string is plucked governs the proportion of harmonics in 
For example, a guitar string plucked at the bridge will contain larger amplitudes 

frequencies than a guitar string plucked at the sound hole.  However, few rules of thumb exist that 
this phenomenon mathematically. 

the plucked string were 
  Held constant 

between each are the frequency, set at 1 Hz, and 
The varying factor was 

e the guitar string was plucked. 

The resulting data matched predictions 
In every trial, the missing harmonics 

of the 
Results this accurate, 

; the predictions 
made are essentially tautological given the wealth 

has already been done in 
the field of Harmonic Analysis.  All the same, 
credibility is leant to the modeling technique used. 

In particular, the wave propagation plot 
and power spectrum plot of an idealized string 
plucked at its midpoint (see Fig. 1 and Fig. 2) 
reveal complete consistency with simple rules of 

that govern the modes present in a 
vibrating string; it is clear that only odd harmonics 
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Plot of a String Plucked at its Midpoint

Fig. 1 

Plot of the Power Spectrum of above Plot

Fig. 2 
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only vibrate at frequencies harmonically related to its 
fundamental, the proportion and amplitude of the waves will vary according to a single criterion: where 

In particular, a string plucked in its middle will oscillate at all harmonics not 
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string (See Fig. 1) suggests proportionally powerful 
situation, one hertz. 

It should be noted that non-
technique.  Fourier Analysis is founded on 
multiples of the fundamental frequency.  That is, 
zero.  As a result, this model is useful primarily to grasp the approximate relative inte
when compared to the string’s fundamental frequency.
the presence of non-harmonic frequencies that occur in real strings, however, for almost all practical 
applications of the wave equation, non

Empirical Data11 

 Unsurprisingly, the empirical data 
holds much more information than the 
theoretical models.  This is partially due to 
the existence of non-harmonic frequencies 
that can be detected by the microphone.
Aside from this, each trial differed from 
the others within some capacity.  This, 
however, is the nature of any measured, 
scientific experiment. 

Aside from this, the statistical 
analysis of the data strongly supports our 
earlier predictions; at peaks, points that 
suggest the strong presence of a harmonic, 
the variability in the trial population 
remains generally lower than the troughs, 
areas where background noise would tend 
to dominate and add highly variable 
background noise.  This can be seen in all the figures in Appendix C, where 
range of values than the peaks. 

Several trends occur in the given data set: 
exponential decay12, strings plucked at the halfway point lack even harmonics, and finally strings plucked 
at the bridge have harmonics that tend to 

In comparing the data between the two tria
plucking a guitar with a pick results in 
decay in frequency amplitude relative to harmonic number is shallower for 
This is primarily due to the fact that sharper kinks in a traveling wave will have 
harmonics. 
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proportionally powerful harmonics to the fundamental frequency 

-harmonic frequencies simply do not exist under this modeling 
is founded on reproducing periodic functions by exclusively using integer 

multiples of the fundamental frequency.  That is, in an idealized string, all non-harmonic frequencies are 
model is useful primarily to grasp the approximate relative intensity of harmonics 

when compared to the string’s fundamental frequency.  A more complete model would seek to understand 
harmonic frequencies that occur in real strings, however, for almost all practical 

, non-harmonic frequencies can simply be viewed as noise.
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than the 
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microphone.  
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however, is the nature of any measured, 
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highly variable 
This can be seen in all the figures in Appendix C, where troughs tend to have 

Several trends occur in the given data set: strings plucked over the sound hole tend to have an 
strings plucked at the halfway point lack even harmonics, and finally strings plucked 

at the bridge have harmonics that tend to have almost no decay. 

between the two trials in Figure C-1 and Figure C-4, it is clear
pick results in having more powerful harmonics at higher amplitudes.  That is, 

decay in frequency amplitude relative to harmonic number is shallower for a string plucked with a 
This is primarily due to the fact that sharper kinks in a traveling wave will have more energy in the higher 
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Mean values of Power Spectrums
for String plucked at the Sound Hole

Fig. 3 – Plot o f 7 Trials of String Plucked at Sound Hole
Laid Over One Another with Mean-Value in Black
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 Figure C-2 represents the data taken from a 
trial where the string was plucked at its halfway 
point.  In this trial, the data is somewhat more 
irregular; the peak at the third harmonic is lower than 
the fifth and seventh.  This is somewhat unexpected, 
since it would be logical for there to be an 
exponential downward trend from the fundamental.  
An additional peculiarity is a second harmonic that is 
somewhat high given our prediction that only odd 
harmonics would be present.   

Figure C-3 represents the data taken from a 
guitar plucked at the bridge.  It can be easily seen 
from the data – especially in contrast to Figures C-1 
and C-4 – that the power of each harmonic seems 
quite uniform, almost forming an un-sloped line up 
until its sixth harmonic.  This is completely 
anticipated by rules of thumb and the audible 
“twang-iness” heard when plucking a string at this location.  Furthermore, the minute distance between 
the location where the string is struck and the bridge itself will naturally make a sharp kink. In turn, this 
will produce high harmonics with larger amplitudes in the same fashion that a guitar pick would. 

Error, Pitfalls, and Unexplained Phenomena in the Empirical Data 

The data collected in the experimental trials largely agreed with commonsense gleaned from 
listening to guitar music and the predictions of the vibrating string equation.  However – as with any 
scientific endeavor – equipment failure, human error, and interaction with external variables affected the 
data collection process; and, as a result, interfere with perfect analysis of the data. 

Equipment error – though unlikely – may have manifested in a variety of ways.  Several 
computer programs were written by the researcher to process audio files into raw data, power spectrum 
representations, and various plots – animated gif’s, log plots, and box plots.  The researcher also wrote a 
Mathematica notebook to model a vibrating string using techniques drawn from Fourier Analysis.  While 
the legitimacy of the results of the software cannot be confirmed without careful examination of computer 
code, the widespread use of Mathematica, NumPy, and the R programming language mollify qualms 
against the validity of the software libraries employed.  Beyond this, equipment failures may have 
manifested through faulty microphones and a corroded guitar string.  In the latter case, we would expect 
to see harmonics to actually have their peak at higher frequencies than expected. 

Human error was likely rampant throughout the entire experiment; regardless of how perfectly a 
measurement may be taken, the actual plucking of a string may be off due to unsteadiness of the 
performer’s hand.  Even the breathing of the performer or the striking of the thumb against the string 
itself may – to some degree – add unwanted noise to a sensitive microphone.  Removing this kind of error 
from the experiment requires delicate noise filtering techniques that are essentially unavailable in such a 
rudimentary study of a plucked string. 

 
Fig. 4 – Box Plot of Guitar String 

Plucked at the Sound Hole 
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The results from the experiment largely were explicable and expected, however, one piece of data 
stood out in a severe contradiction with the theoretical data.  Fig. A-1b, a graph of the power spectrum of 
a theoretical string plucked at its midpoint, suggests the complete lack of a second harmonic.  The 
corresponding empirical data, Figure B-2 and Figure C-2, have clear peaks at their second harmonics.  
This peak rises far above what could possibly be conceived as background noise, and it is doubtful that 
the slap of the guitar pick or some other background noise emitted a frequency of 220 Hz.  It seems that 
this peak is merely experimental error. 

Conclusion 

The world of theory rarely substitutes for empirical data; mathematical models are almost always 
oversimplifications of the actual physics problem.  This experiment is, of course, no exception.  When 
modeling a string using the Vibrating String equation, one makes the assumption that a string is spatially 
1-dimensional.  That is, it operates only with respect to time and space.  While this is an immense 
increase in complexity from the description of a spring, an object which is mathematically modeled in one 
dimension, it is an almost unforgivable oversimplification of real-world strings, which have three spatial 
dimensions and one time dimension.  This description as well fails to model both a string’s resistance to 
bending and physical inconsistencies – non-uniform mass, et cetera.  In truth, a complete description of 
any real string requires far too much information to realistically model. 

That being said, given the simplicity of the idealized model used in this experiment, the data 
produced was an excellent confirmation of the usefulness of the Vibrating String equation.  It quite 
accurately predicts the proportionality of harmonics to their fundamental frequency.  In particular, it can 
be used to speculate which modes of the guitar string will not ring loud enough to overcome background 
noise.  It is unfortunate, however,  that techniques that can predict imperfect strings offer require too 
much computational time or suffer from extreme numerical errors.  Regardless, the Wave Equation and 
Fourier Analysis offer excellent insight into the behavior strings and various other objects that transfer 
waves across a seemingly one-dimensional medium. 
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Fig. A-1a 

Idealized String plucked at 

Amplitude = 1 
Frequency = 1 Hz 

Fig. A-2a 

Idealized String plucked at 

Amplitude = 1 
Frequency = 1 Hz 
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Idealized String plucked at 
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Fig. A-1b 
Power Spectrum of Fig. A

  

Idealized String plucked at 
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Fig. A-2b 
Power Spectrum of Fig. A
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Power Spectrum of Fig. A-1a 

 

Power Spectrum of Fig. A-2a 
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Fig. A-2a 

Idealized String plucked at 

Amplitude = 1 
Frequency = 1 Hz 

Fig. A-1a 
Idealized String plucked at � �

Amplitude = 1 
Frequency = 1 Hz 
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Idealized String plucked at 
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Fig. A-3b 
Power Spectrum of Fig. A
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Fig. A-4b 
Power Spectrum of Fig. A
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Power Spectrum of Fig. A-3a 

 

Power Spectrum of Fig. A-4a 
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